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Since Goldie characterized orders in semi-simple rings with minimum 
condition [5J, several papers have been written characterizing orders in other 
types of rings. Small [II] and Robson [9] obtained results for left Artmian 
rings in general, while Jans [7’J found necessary and sufficient conditions 
for a ring to be an order in a QF ring. The main result in thii paper is such a 
theorem for QF-3 rings. A ring R with identity is left QF-3 provided R has 
a faithful (left) module which is isomorphic to a direct summand of every 
faithful (left) module. Such a module is called a minimal faithful module, and 
for left Artinian rings R, the following are equivalent (see [S]): 
(1) R has a minimal faithful module 1M; 
(2) R has a faithful, projective injective left ideal (which is isomorphic 
to M); 
(3) E(R), the injective hull of RR, is projective. 
The class of QF-3 rings was first introduced by Thrall [I31 (in the special 
case of algebras) and contains all QF rings. For this reason, our character- 
ization may be considered as a generaliiation of the result of Jans and, in 
fact, some of the techniques found in his proof are expanded and used here. 
We begin with the necessary definitions. 
DEFINITION. Let R be a ring containing a regular element (non-divisor 
of zero). If R is a subring of a ring Q, R is a left order in Q provided 
(1) 1 eQ- 
(2) If b is a regular element of R, b has multiplicative inverse in Q. 
(3) Every element q EQ can be written q = b-la, where a, b E R, 
b regular in R. 
We also describe this situation with Q is (I quotient ring for R. 
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DEFINITION. As in [7], if M is an R-module, T(M) = {m E M 1 bm = 0, 
for some b regular in R}. 
DEFINITION. An R-module M is said to be regular divisible (r.d.) provided 
T(M) = 0, and the equation, ZJX = m, has a solution x for all m E M, 6 
regular in R. 
It is not hard to show that if M is a r.d. R-module, and Q is a quotient 
ring for R, then M is a Q-module in a way which extends the R-module 
structure. We now prove some preliminary results, using the notation that R 
is an order in Q. 
LEMMA 1. If M is an injective Q-module, it is R-injective. 
Proof. Let L be a left ideal in R and consider the row exact diagram: 
O-L-R 
5- f 
fan R-homomorphism. 
M 
This induces the row exact diagram: 
O-QL -Q 
wheref(C &) = C qi f (Z,), qi E Q, Ii EL, and 4 comes from the Q-injectivity 
of M. But then+ IR : R + M is the required map extendingf. 
LEMMA 2. If M is a regular divisible injective R-nrodule, then M is injective 
as a Q-module. 
Proof. If L is a left ideal in Q and we are given the diagram: 
O-L -Q 
1 g g a Q-map. 
M 
We can restrict to obtain 
O-LnR-R 
gl 
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where 4 is derived from the R-injectivity of M. But 4 : Q + M, defined by 
&b-la) = a-%$( a , is an extension of g and M is Q-injective. ) 
LEMMA 3. If M is a projective (torsionless) R-module, Q OR M is a 
projective (torsionless) Q-module, where OR denotes the usual tensor product 
over R. 
Proof. If M is a direct summand of a free R-module @ C R, then 
Q OR M will be a direct summand of @CQ. 
If M is a submodule of a product ?rR, then Q OR M will be a submodule 
of PQ. 
LEMMA 4. If M is an R-moduk, T(M) = 0, then E,(M) r E,(Q OR M), 
where E,(M) is the injective hull of ,n/r. 
Proof. Since T(M) = 0, Me 1 OR MC Q OR M (see [7]). Hence, 
as R-modules, Eo(Q OR M) z E,(M) @ X, for some R-module X. This 
implies that E,(M) must in fact be a Q-module and hence isomorphic to 
E,(Q @RM). 
We now extend a method of Jans for developing quotient rings, which 
will be used in the proof of the main theorem. The R will always be a ring 
with regular element, not necessarily 1. 
Let 9’ be the collection of all R-modules M such that R C M G ER(R), 
and T(M/R) = M/R. Then 9’ contains RR and hence is non-empty. Partially 
order 9’ by inclusion. If M1 C M, C *.a is an ascending chain in 9, let M,, = 
u Mi . Clearly R C MO C E,(R). Furthermore, given m E M, , we have 
m E Mi for some i, and there is a b regular in R such that bm E R. Thus 
T(M,/R) = M,IR and M, is an upper bound in 9 for the Mi . Zorn’s 
lemma now gives a maximal element in 9. But the sum of any two elements 
of 9’ is again in 9, so the maximal element is unique and we will denote 
it by U(R). 
Remark. Since E,(R) is unique only up to isomorphism over the identity 
on R, the above construction requires choosing a specific E,(R). However, 
any two U(R)‘s will also be isomorphic over the identity on R. Finally, note 
that we can similarly define U(X) for X any submodule of U(R). 
THEOREM 5. If R contains no in&ite direct sums of kft ideals and 
T(U(R)) = 0, then U(R) can be made a quotient ring for R. 
Proof. Let U = U(R). 
We have Hom,(U/R, U) = 0, since if f : U/R + U and f(x) # 0, for 
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some x E U/R, pick b regular in R so that bx = 0. Then 0 = f(bx) = b!(x), 
a contradiction. Now the exact sequence 
O-+R-+ U+ U/R-+0, 
induces the exact sequence 
0 --t Hom,( U, U) + Homa(R, U) + 0. 
The last zero is due to the following: Given f : R + U we derive the diagram 
O-R-U 
/ 
ER(R) 
However, for any x E U, there is a bl regular in R such that b,x E R. Then 
f@d = f W E Us so there is a b8 regular in R such that b, j(b,x) E R. 
Thus, b&,j(x) E R, which implies j(x) E U, and f is the restriction of 
f: u+ u. 
At this point, if R has identity, it is easy to put a ring structure on U 
consistent with its module structure, since HOmR(R, U) e U as R-modules. 
We proceed with the case where 1 $ R. 
For b regular in R, define + : R -+ U by +(Y) = rb. As above we obtain 
4, : U --+ U, which extends I$. The map +b is 1 - 1, since R is essential in 
U c E,(R) and 4 is 1 - 1. Furthermore, #b is a unique extension of 4. 
For if +r and 4s were two such, and x any element in U, choosing b, regular 
in R so that b,,x E R, we have 0 = &(bg) - #s(bg) = b&(x) - 4%(x)), 
whence $r = 4s. 
Finally, we prove that +b is onto. Consider the diagram 
O-R- U C E,(R) 
&, from injectiviq of E,(R). 
E,(R) 
As in [fl, & must be onto, since R contains no infinite sums of left ideals. 
Choose Y E E,(R) such that &b(u) = b. Then &,(Yu) = rb for every I E R. 
But 4b(~) = $(Y) = b Y an smce&,isl-l,ru=fforeveryrER.This d 
impks u E U. Now choose v E E,(R) such that &(v) = u. We have &(bo) = 
bu=b,sobu=uando~U.NowforanyxrzU,picky~ER(R)andbs 
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regular in R such that &( y) = x and b# E R. Then I&, y) = b,,~ = 
&.U+,4 4. Thus 4,~ = (b,,x) v, so y E U and 4a is onto. 
It now follows that U can be made into a quotient ring for R. The technique 
is identical to that used in [7] and hence is not repeated here. 
With one more definition we can now prove the main theorem. 
DEFINITION. An R-module M # 0 is said to be r.d. simple if M is a r.d. 
module and contains no proper r.d. submodules. 
THEOREM 6. Let Q be a kft Artinian QF-3 ring, R an order in Q. Then 
the following hold. 
(1) If M, is an R-moduk such that T(M#) = 0, for all (Y in some iudex 
set A, then 0 xaEA E,(MJ is injective. 
(2) There is an inject&e R-module X Z U(R) such that T(X)-= 0, 
R C X*, for some n > 0, and if Y is a submoduk of X, theu X/U(Y) is zero 
or contains a r.d. simple R-module. 
~~~~se~, if R is mry ring which satis$es the above two critic, R has 
a kft Astinian QF-3 quotient ring. 
Proof. We tkst assume Q is left Artinian QF-3 with order R. Condition 1 
follows immediately, since by Lemma 4, E,(M,) z Eo(Q @ M,), and 
zeA E,(Q @ MU) is Q-injective, since Q has minimum condition. Thus 
LEA E&M=) is injective by Lemma 1. 
For condition 2, take X to be the minimal faithful left ideal in Q. Then 
clearly X is R-injective, T(X) = 0, and R C Q C Xn, for some n > 0. 
Now Q = U(R), and if Y is an R-submodule of X, then U(Y) = QY. Thus, 
X/U(Y) is zero or contains a simpleQ-module, that is, a r.d. simple R-module. 
To prove the converse, assume R satisfies conditions 1 and 2. Since 
R C X* and finite sums of injectives are injective, E,(R) can be embedded 
in this same product. Therefore, T(U(R)) = 0, since T(X) = 0. We must 
now show R has no infinite direct sums of left ideals in order to apply 
Theorem 4. 
Suppose CT-, Li is a direct sum of nonzero left ideals in R. If B is regular 
in R, then CF&L,b is also an infinite direct sum of nonzero left ideals in R. 
BY 1, 6 C &&b) is injective and we can fill in the following diagram: 
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Now f(b) # 0, so f(b) EC:, E&b), for some N. But then xTCILib C 
Cy=, E,(Lib), a contradiction. Thus, R can contain no infinite direct sums 
and U(R) is a quotient ring for R, call it Q. It remains to show Q has left 
minimum condition and is QF-3. 
Since X is injective, it is a direct summand of Q = U(R), hence a projective 
left ideal of Q. Now Q C E,(R) C X”, and by Lemma 4, E,(Q) = E,(R). 
This implies E,(Q) is Q-projective, so that Q is QF-3 if we can prove minimum 
condition. First, Q has the ascending chain condition, since, by Condition 1, 
sums of injectives are injective. We now obtain a composition series for X 
using the last part of condition 2. Let S(M) be the socle of a module M. 
By 2, S(x) # 0 and X/S(X) contains a simple Q-module S,/&‘(X). If S, # X, 
then X/S, contains a simple module Ss/S, . Since Q is left noetherian, this 
process must terminate and we obtain a composition series for X, and hence 
Q. This completes the proof. 
We now consider a special case of the above theorem, that in which Q has 
zero singular ideal. If A is any ring and M an A-module, the singular sub- 
module is Z,(M) = {x E M 1 Lx = 0 for some essential left ideal L in A}. 
By adding the additional requirement that Z(,Q) = 0 in Theorem 6, a 
somewhat nicer characterization can be obtained. To this end we prove a 
preliminary lemma and theorem. 
LEMMA 7. IfR is a left Noetherian ring with unity, Z(,R) = 0, and Re is 
an iakmpotent-generated, faithful projective injective left ideal, then S(,R), 
the socle of RR, is essential. 
Proof. Let {S, : (Y E A} be a set containing one copy of each simple 
R-module. By [IO], M = zeA E(S,) is faithful. Let Re,, be an indecomposable 
direct summand of Re. Then Re, is isomorphic to a direct summand of a 
product of copies of M, so there is an R-map f : M + Re,, , f # 0. If 
f(m) # 0, then since Z(,R) = 0, there is a nonzero left ideal L _C R such 
that L s Lf (m) g Lm. Since the socle of M is essential, Re,, must contain 
a simple module, which will be essential, as Re,, is indecomposable and 
injective. This implies the socle of Re is essential. Now form an embedding 
0 + R -t 3 Re, of R into a product of copies of Re, and let x # 0 in R have 
image ~a xa in 3 Re. If xBO # 0, again find a nonzero left ideal J C R such that 
Jg /x8, g Jx. Now JxBO contains a simple module, hence so does Jx _C Rx. 
This implies S(,R) is essential. 
THEOREM 8. Under the hypotheses of Lemma 7, R is left Artink. 
Proof. Let Re, es = e, be as in Lemma 7, and Re = Re, @ ..* @ Re,, 
its decomposition into primitive left ideals. Since Z(R) = 0, any map 
# : Re, -+ R is 1 - 1 or zero. 
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Let f  be any primitive idempotent of R. Then by Lemma 7 and maximum 
condition, there is an embedding 0 +Rf+@xE,Re. Let$:Rf-tRf 
and consider 
O-Rf- 5 Re 
I k=l 
o-i!&+ f Re, 
k-1 
where $ is obtained by injectivity of Re. Assume 4 is not nilpotent. The 
increasing sequence Ker 4 C Ker +2 5 **. must terminate since R is left 
Noetherian. Let Ker4N = Ker+N+l = *em, for some positive integer N. 
Then the restriction 4, of C$ to Im $N is 1 - 1, and, in fact, onto as well. Let 
Z = Im$N. By injectivity, 4 : Z -+ Z can be extended to /3 : E(Z) + E(Z). The 
map /I will be 1 - 1, hence onto by maximum condition on E(Z) C @ c:, Re. 
Again by maximum condition, the chain p-l(Z) C /?-“(I) C *** must terminate, 
so that /F”+‘(Z) = /F(Z) f or some Y. This implies J(Z) = p(Z) = I. Now #N 
also induces an isomorphism of Z onto Z, so let h be the inverse of this 
isomorphism. Then h+N : Rf + Rf is idempotent and, therefore, splits. 
Since Rf is indecomposable, h#” and hence+ must be 1 - 1. By an argument 
similar to that above, showing 6 onto, 4 is onto. Thus, if N is the Jacobson 
radical of R, fRf/fNf is a division ring. This implies Rf/Nf is simple by [6] 
(Prop. 1, p. 65). Th ere fore R/N is semi-simple Artinian, so to show R is left 
Artinian, it suffices to show N is nilpotent. 
It is not hard to show that Lemmas 1 .l, 2.1-3, and Theorem 3.1 of [4] 
can be applied to our problem to show that if S(Re) = socle of Re, is iso- 
morphic to Rf /Nf f or some idempotent f ,  then f  R is faithful and injective as 
a right R-module. We can now apply Lemma 4 of [I] to show that Re,,, is 
finite dimensional, and hence that Nke = Nk+le = *** for some positive 
integer k. If Nke # 0, we can, by maximum condition, choose a submodule 
M 2 Nke, such that Nke/M is simple. But then 0 = N(Nke/M) = Nke/M, 
a contradiction. Hence Nke = NkRe = 0, which implies Nk = 0, as Re 
is faithful. This completes the proof. 
We can now prove the following special case of Theorem 6. 
THEOREM 9. Zf R is an order in a left Artinian QF-3 ring Q andZ(,Q) = 0, 
then 
(1) I f  M, is an R-module such that T(M,) = 0, for all OL in some index 
set A, then Ca E,(M,) is injectiwe. 
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(2) There is a faithful injective R-module X C U(R) such that T(X) = 0. 
(3) Z&R) = 0. 
Conversely, if R is any ring satisf$ng the above three conditions, then R has 
a left Artimizn QF-3 quotient ring Q and Z(,Q) = 0. 
Proof. It is easy to show that if R is an order in Q, then Z(,R) = 0 if 
and only if Z(oQ) = 0. Thus, the first part of the theorem follows from 
Theorem 6. Now suppose R is a ring with regular element satisfying condi- 
tions 1, 2, and 3. As before, we show U(R) is a quotient ring for R, and X 
is a faithful projective injective left ideal in U(R). Let Q = U(R). Then Q 
is left Noetherian, and Z(oQ) = 0 by conditions I and 3. Hence, Q is left 
Artinian QF-3 by Theorem 8. 
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